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Abstract

High temperature superconductors have a layered structure and are, due to this
low effective dimensionality, believed to be very sensitive to point defects. A
possibility exists that the point defects pin the vortices of a penetrating mag-
netic field into an irregular pattern—a vortex glass. For twelve years models
of vortex glass have been studied without any definite conclusions of e.g. their
lower critical dimension.

In this Thesis I give an introduction to the vortex glass phase and the studies
of phase transitions in disordered systems. I also discuss simulation techniques
for zero and finite temperatures. Quantities such as the domain wall energy,
the energy barrier for vortex dissipation, the helicity and fourth order moduli,
and root-mean square current are all defined and explained.

Many of the discussed topics are applicable to systems of any dimension,
but the two papers the Thesis is based on have their scopes restricted to models
of two-dimensional superconductors. The results of the papers are presented
and put in perspective of other theoretical and experimental works. The main
results of the two papers, are that the most studied model, the gauge glass
model, has a superconducting low temperature phase; whereas the random
pinning model—the most physical model for thin films in magnetic fields—
cannot have any finite temperature transition.
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Chapter 1

Introduction

The vortex glass phase of high temperature superconductors has been studied
for over a decade. Since the idea was first presented, experimentalists have
been endowed with numerous new measurement techniques, and theoreticians
have already from the start been able to borrow from the well-developed theory
of disordered magnetic systems; still, consent on basic aspects of the properties
of vortex glass models is lacking to an embarrassing extent.

The main focus of this Thesis is vortex glass models in two dimensions—the
limit of thin films or strong anisotropy. In this geometry the possibility of a sta-
ble low temperature phase has not been settled. Roughly speaking most studies
of most models∗ of the 2D vortex glass predicts absence of a stable low temper-
ature phase; but there are a few studies that report a critical temperature above
zero. In the two papers this Thesis is based on we use some new simulation
techniques that, together with a careful consideration of the special aspects of
dynamics of disordered systems, I believe, solves this apparent contradiction.

This Thesis is organized as follows: Chapter 2 gives an introduction to the
vortex glass phase. Chapter 3 presents the models for the vortex glass. Chap-
ter 4 discusses some concepts of statistical mechanics in general and topics of
disordered systems in particular. In Chapters 5 and 6 two very different cate-
gories of computational methods for investigating vortex glass models are pre-
sented. Finally Chapter 7 summarizes the papers and draws the final conclu-
sions.

∗No, not even the question on what model to use is settled.



Chapter 2

The Vortex Glass Phase

The fundamental question motivating this Thesis is whether or not a low tem-
perature superconducting phase can exist in the two-dimensional vortex glass
models; so an explanation of the vortex glass phase seems necessary, and that
is what Chapter 2 is all about.

2.1 Superconductors in Magnetic Fields

Type-I superconductivity has two major characteristics: zero resistivity and
perfect diamagnetism [1, 2], the latter meaning that a magnetic field cannot
penetrate the sample while it is superconducting. A type-II superconductor
has zero resistivity and perfect diamagnetism at the lowest temperatures; but
at higher temperatures magnetic field can penetrate the sample without break-
ing superconductivity. In this phase the magnetic flux essentially follows “flux
tubes” through the material, each carrying one flux quantum Φ0 = h/2e ≈
2.07× 10−15 Tm2. The flux tubes are encirculated by supercurrents, see Fig. 2.1.
(I will use the term ‘vortex-line’ synonymously to flux-tube, and ‘vortex’ for the
intersection between a plane and a vortex-line.)

The flux-tube picture is not entirely true in high temperature superconduc-
tors. [3] These have a low density of superconducting electrons and also less
confined flux-tubes—but instead regions where magnetic flux and supercur-
rents can flow simultaneously.

2.2 Effects of Pinning in High Temperature Superconductors

The attachment of a flux tube to the underlying material is called pinning.
Pinning is an essential phenomenon for type-II superconductors—without any
pinning at all the vortex lattice would start moving when a current is applied,
causing dissipation and loss of superconductivity. Pinning can be caused by
point defects in the material, or by an anisotropic crystal structure.

A relatively weakly pinned type-II superconductor would have, roughly
speaking, the phase diagram shown in Fig. 2.2a. The repulsive interaction be-
tween the flux-tubes results in a triangular lattice (“vortex lattice” in Figs. 2.2a
and 2.3) which is pinned to the material by point defects, boundary effects, or
crystal
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Figure 2.1: Illustration of magnetic flux penetrating a type-II superconductor through
flux tubes, and supercurrent flowing around the flux tubes.

anisotropy. [4] In the “vortex fluid” phase the flux still penetrates the sam-
ple through flux tubes but these are free to move relative to each other, so it is a
normally conducting phase.

The high-Tc cuprates are layered materials and in some contexts effectively
two dimensional. Point defects will of course affect a two dimensional object
much stronger than a three dimensional one. If the interaction between the
pinning centers and the vortices become stronger than the vortex-vortex inter-
action, vortex lines will be pinned in the random fashion that defines the vortex
glass phase, see Figs. 2.2b and 2.3. [7] That the random vortex pattern is fixed in
time defines long-range glass order. The melting transition of the vortex glass
is assumed to take place continuously, as opposed by the first-order melting
transition of the vortex lattice. It has been shown analytically that a phase of
long-range glass order cannot exist in two dimensions, [5] this does not exclude
a low temperature superconducting phase. In fact, models of non-disordered
two-dimensional superconductors do not have a low temperature phase with
long-range order.

The models of vortex glass that I will present in Chapter 3 are designed
to study the vortex-glass to vortex-liquid transitions, other transitions of the
phase diagram Fig. 2.2b will not be visible. As the strength of the disorder is
easily parametrized, the crossover from the ‘pure’ picture of Fig. 2.2a to the
disordered picture of Fig. 2.2b could also be studied.
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Figure 2.2: (a) The standard H-T phase diagram of a conventional type-II supercon-
ductor. (b) The proposed phase diagram for high-Tc materials where the vortex-lattice
phase is replaced by the superconducting vortex-glass phase and the normal conducting
vortex liquid phase. These phase diagrams are dependent on the material and experi-
ment parameters and might have more [6] or less (no vortex glass) phases in some cases.

Meissner Phase Vortex Lattice Vortex Glass Normal Phase

Figure 2.3: Some phases of a type-II superconductor: The Meissner phase—magnetic
field is expelled from the interior. The vortex lattice—vortex lines form a triangular
lattice. The vortex glass—vortex lines are randomly pinned by disorder. The normal
phase—magnetic flux fully permeates the sample and the supercurrent density is zero.
White represents superconducting region and zero magnetic flux density, grey repre-
sents normal conducting region. The arrows indicate the supercurrent flow around
vortices and the boundary.
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Figure 2.4: The crystal structure of YBCO. The superconducting planes are normal
to the c-axis. symbolizes copper atoms, while symbolizes oxygen atoms.

2.3 Vortex Glass in Experiments

Much of the experiments on cuprate superconductors have focused on
YBa2Cu3O7−δ (YBCO) whose crystal structure is shown in Fig. 2.4. Another
commonly used material in experiments is Bi2Sr2CaCu2O8 which is more aniso-
tropic than YBCO, and therefore thought to be even more strongly dominated
by two-dimensional effects.

The critical scaling characteristic of the vortex glass transition has been ob-
served in many high-Tc materials. [8] From simulational, and theoretical stud-
ies, it is also believed that vortex glass can exist in three dimensions. To elim-
inate 3D effects in order to test if there is a stable superconducting phase in
two dimensions, experimentalists have used thin films. For thinner and thin-
ner films one has observed a loss of a superconductivity [9] which has been
taken as a proof that no two-dimensional vortex glass phase exists. But there is
at least one other article that reports a finite vortex glass Tc. [10]



Chapter 3

Computational Models for Vortex Glass

All the computational models I will present all have their roots in the phe-
nomenological Ginzburg-Landau theory. [11] The full derivation involves some
jumping between levels of description, introducing the relevant features and
excluding the irrelevant. I will not go through this here, since it is not necessary
for following the rest of the Thesis. For the interested reader I can recommend
Ref. [12].

Despite the title of this chapter, I will start by defining two models for in-
vestigating phase transitions in clean 2D superconductors. [13] These, the XY
model and the lattice Coulomb gas model, are the generic models for the study
of phase transitions in superconductors, the vortex glass models are in turn
motivated from these, rather than derived from a continuum theory.

3.1 The XY and Villain Models

The ordinary XY model is defined on a discrete lattice by the partition function:

ZXY = ∏
i

∫ 2π

0

dθi

2π
e−HXY/T , (3.1)

where the temperature T (like in the rest of this Thesis) is dimensionless, rescaled
by the factor kB/J, and HXY is the Hamiltonian:

HXY = − ∑
(i, j)nn

cos(φi j ≡ θi − θ j) , (3.2)

and θi ∈ [−π, π) is a variable associated with lattice point i, and the sum is over
nearest neighbor pairs (i, j)nn. Quantities of dimension energy, such as HXY, are
made dimensionless by scaling a factor 1/J, where J is known as the Josephson
coupling strength.

The XY model is a general model for studies of superconductors, supercon-
ducting arrays, and superfluids, and at least its static properties are by now
quite fully understood. The physics of the XY model is governed by vortex
(or, in 3D, vortex line) interaction—a vortex in the XY model is a point with
non-zero rotation, corresponding to the flux tubes in the real world discussed
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in Section 2.1:∗

q(r) = ∑
�r

‖φi j‖[−π,π) , (3.3)

where the sums are to be taken over the plaquette at r, and ‖ · · · ‖[−π,π) is to be
read “in the interval [−π, π)”.

In the Villain model [14] the cosine interaction potential of the XY model is
replaced by U defined through:

e−U(φ)/T =
∞
∑

n=−∞
e−(φ−2πn)2/2T . (3.4)

3.2 The Lattice Coulomb Gas Model

As mentioned above, the vortices are believed to qualitatively determine the
physics of the spin models of Sect. 3.1; whereas the other excitations, the spin
waves, merely change the value of the transition temperatures. The energy for
separating a vortex pair a distance r is known to be proportional to log r; this
is in analogy with the 2D lattice Coulomb gas, defined by the grand partition
function:

ZCG =
∞
∑

N=0

[
N
2

!
]−2 ∫ ∞

−∞

N

∏
i=1

dri

ζ
e−HCG/T , (3.5)

where ζ ∼ r2
0 is the phase space division, r0 is the charge’s linear dimension and

HCG is the Hamiltonian for an N-particle configuration:

HCG = −1
2 ∑

i 6= j
Qi Q j ln ri j + N TCG ln z , (3.6)

where Qi ∈ {−1,1} is the charge of particle i. z is known as the fugacity (and
can be interpreted through−2 TCG ln z being the energy for creating a dipole of
separation r0).

For computational reasons one often sums over the discretized space rather
than the Coulomb gas (CG) particles. The effective phase variables then changes
from {Qi} to the charge per lattice point {qi}, and the ensemble changes from
the grand canonical to the canonical. The Hamiltonian then becomes:

HCG = −1
2 ∑

r6=r′
qr qr′ G(r− r′) , (3.7)

where G is the lattice Green’s function, in the 2D square lattice case:

G(r) =
(

2π
L

)2

∑
k6=0

exp(ik · r)− 1
4− 2 cos kx − 2 cos ky

. (3.8)

∗In the literature one often sees the same terms signifying elements from both the simulation
model, continuum theory, and real world superconductors. This is the case for ’vortex’, and most
of the model parameters. The reader should be cautious.
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The advantage of the Villain interaction potential (see Sect. 3.1), is that it
makes vortex and spin wave excitations separable. Thus there exists a exact
(surjective) mapping from the spin- to the CG-representation. [15]

The 2D CG model has been shown to have qualitatively the same phase
diagram as the 2D XY model, which a posteriori justifies the reduction of the
model.

The zero temperature methods that will be discussed in Chapter 5 are all
based on the CG picture (since no spin waves exists at T = 0). The mapping
from spin to CG picture is defined by Eq. (3.3).

3.3 The Random Gauge XY Model

The random gauge XY model is a modification of the standard XY model, made
to study the vortex glass to vortex liquid transition.† In this model the disorder
enters the problem as a quenched (time invariant) random vector potential. The
Hamiltonian is:

HRGXY = ∑
(i, j)nn

U
(
φi j ≡ θi − θ j − Ai j

)
, (3.9)

where the Ai js are random variables of a rectangular distribution in the interval
[−rπ, rπ]. r is called the disorder strength and is restricted to the interval [0,1].
r = 0 gives the ordinary XY model, and in the maximally disordered limit r = 1
the model is called the gauge glass model.

The interaction potential U is often taken to be the − cos of the XY model,
but can also be chosen to be the Villain potential. In zero temperature studies
the Villain potential is more natural, while for the Monte Carlo simulations one
uses the cosine potential (by tradition). This change of interaction potential is
not expected to result in any qualitative difference.

In the CG picture (obtained through Eq. (3.3)) the vortex charges of the ran-
dom gauge XY model belongs to {ϕi + n : n ∈ Z} where ϕi ∈ [−1,1) is deter-
mined by:

ϕi =
1

2π ∑
�r

‖− Ai j‖[−π,π) . (3.10)

3.4 The XY Spin Glass Model

In the XY spin glass model a randomly selected set of links are antiperiodic. The
Hamiltonian is given by:

HXYSG = ∑
(i, j)nn

ji j U
(
φi j ≡ θi − θ j

)
where ji j ∈ {−1,1} . (3.11)

Disorder strength is parametrized by s—the probability for ji j = −1.
The vortex charges of the XY spin glass model (see Eq. (3.3)) belongs to

{ϕi + n : n ∈ Z} where ϕi ∈ {0,1/2} . (3.12)
†To be exact, it is designed to study any superconducting to normal conducting transition in

a disordered material.
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Figure 3.1: Two chirally opposite ground states of a realization of a 8× 8 XY spin-glass
system with disorder density s = 0.15. represents zero charge, means a +1/2
charge and means a −1/2 charge.

Hence there is a possibility for chiral order, where reflective symmetry is spon-
taneously broken, in the XY spin glass. The phase space could be divided into
two disconnected sets distinguished by opposite local chiralities κ(r):

κ(r) ≡∑
�r

U′(φi j) . (3.13)

With harmonic potential (a Villain potential at T = 0) κ(r) just reduces to the
Coulomb charge qr.

κ(r) = ∑
�r

U′(φi j) = ∑
�r

‖φi j‖[−π,π) = qr , (3.14)

where notations are those of Eq. (3.3). If Θ = {θi} is a ground state spin con-
figuration then so is its chirally inverted image Θ̃ = {θ̃i ≡ 2θ′− θi}, where θ′ is
the mirror angle. Let Q = {qi} be the Coulomb gas configuration corresponding
to Θ, then Q̃ = {q̃i ≡ −qi} is the Coulomb gas configuration corresponding to
Θ̃, see Fig. 3.1. This also shows that in contrast to the random gauge XY model
the ground state of the XY spin glass model is always degenerate, for every L.

3.5 The Random Pinning Model

The apparently most unphysical feature of the random gauge XY model and
the XY spin glass model is that the average frustration (magnetic field) is zero.‡

In remedy one can define the following lattice Coulomb gas type of model, the
random pinning model: [16]

Hrp = −1
2 ∑

r 6=r′
(qr− f ) G(r− r′) (qr′ − f )−∑

r
vr q2

r . (3.15)

‡Of course, the random gauge XY model and the XY spin glass model can be very physical
models of other disordered systems.
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Figure 3.2: Different boundary conditions. (a) Periodic boundary condition: If a spin
looks across the boundary a distance L (the linear dimension of the system) it will see
itself. (b) Twist boundary condition: If a spin looks across the boundary a distance L
it will see itself rotated an angle ∆. (c) Reflective boundary condition: If a spin looks
across the boundary a distance L it will see itself mirrored in an angle θ′.

The frustration here is homogeneous and the disorder enters the Hamiltonian
through the pinning potential vr, which is chosen to have a rectangular distri-
bution in the interval [−π, π]. To avoid that positive (vr > 0) pinning centers
can get arbitrary high vorticity we restrict the possible values of qr to {−1,0,1}.

3.6 Other Models

In the three models above, the vortex interaction is unscreened which is be-
lieved to be physical in the low-vortex limit (i.e. for the lowest temperatures).
Some studies have been based on models including the screening. I will not
present the models here, since the results (as expected) are qualitatively the
same as for unscreened models. The interested are recommended the articles
of Ref. [17].

3.7 Boundary Conditions

In many branches of physics, the question of what boundary condition to use
is solved by looking at the physical situation: If a liquid is free to flow in and
out of a system, an open boundary condition is used, and so on. In compu-
tational statistical mechanics the boundary condition is often a tool for study
order and symmetries the system. For example, one can detect chiral order by
the reflective boundary condition, or study magnetic transitions through the
antiperiodic boundary condition. Three basic boundary conditions of this The-
sis are defined in Fig. 3.2.

The twist boundary condition (see Fig. 3.2b) is useful for studying the XY
model. One essential application is to add the twist angles to the degrees of
freedom through the extra term −r · ∆/L in the argument of the Hamiltonian’s
interaction potential (r = (rx, ry) is the coordinates of θi). (See Eqs. (3.9) and
(3.11).) The model with the new boundary condition and degrees of freedom
is said to have fluctuating twist boundary condition (FTBC) [18]. This has many
practical advantages: E.g. vortex lattices of the ordinary XY model are more
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easily formed. In vortex glass models finite system size makes the net current
of the ground state non-zero, this makes some quantities harder to converge,
this can be solved by finding a twist that zeroes the current by using FTBC.
FTBC also has the important quality to be the equivalent of periodic boundary
condition for vortex interaction; and as long as the effect of a new boundary
condition disappears in the thermodynamic limit it is safe to use.



Chapter 4

Some Concepts of Statistical Mechanics

This chapter aims to introduce some basic concepts of the study of phase transi-
tions that is used in the rest of the Thesis. To save the print cost of an additional
500 pages I did not make this chapter a general introduction to the subject,
the interested reader is recommended Ref. [19] for a general introduction, or
Ref. [20] for an introduction to the theory of phase transitions in disordered
systems. The first three sections of this chapter focus on the change of symme-
try at a phase transition. The last section discusses how one can use finite size
effects to get true critical parameter values.

Central for the first three sections is the phase space or configuration space Σ—
the space whose coordinates are the degrees of freedom of the system:

Σ =
⊗

i

Pi , (4.1)

where {pi : pi ∈ Pi} is the degrees of freedom, Pi is the possible values for the
i’th degree of freedom, and⊗ denotes the Cartesian product. In the spin models
of Sects. 3.1, 3.3, and 3.4 the degrees of freedom are the spin and twist variables
that are defined over the interval [−π, π). In the CG picture the degrees of free-
dom are the vorticity charges with Pi = {ϕi + n : n ∈ Z}, where ϕi is determined
by disorder (see Eqs. (3.10), (3.12), and (3.15)).

4.1 Ergodicity Breaking

We start with an example—the 2D Ising model on an L× L square lattice. The
Ising model is a spin model quite similar to the XY model, what differs is that
the spin degrees of freedom si only take discrete values si ∈ {−1,1}. The Hamil-
tonian is:

HIsing = − ∑
(i, j)nn

si s j . (4.2)

Order in the Ising model can be described by the magnetization

M =
1
L2 ∑

i
si . (4.3)

In the thermodynamic limit (L → ∞) there is a critical temperature
Tc = 2/ sinh−1 1 ≈ 2.27. Above this temperature both time and ensemble av-
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(a) (b)

Figure 4.1: Spontaneous symmetry breaking (a) and replica symmetry breaking (b).
The profile represents the energy versus phase space coordinate (the phase space is rep-
resented by the one-dimensional horizontal axis). Imagine the energy barrier growing
to infinity at Tc, then the system is trapped in one of the two regions of phase space. In
(a) these regions are related by symmetry, in (b) the minima are asymmetric. The square
containing the and gives a more detailed illustration of the configurations corre-
sponding to the two minima. The figures resemblance to other figures used to discuss
vortex glass models is almost accidental—this is just an illustration

erages of M are zero. That is, a dynamical simulation of the system would pro-
duce the same average M as a direct summation according to the Boltzmann
distribution would do. Below Tc a time average of M is non-zero, whereas
a ensemble average is still M = 0. When, at a phase transition, time and en-
semble average starts to differ ergodicity breaking has occurred. If ergodicity
is broken, the phase space is effectively partitioned into mutually unreachable
subsets. When restricted to these subsets (or restricted ensembles) Boltzmann
statistics is assumed to apply. In the case of the 2D Ising model the phase space
is partitioned into one subset with positive and one subset with negative mag-
netization. These two disjoint subsets are related by reflection si 7→ −si: If {si}
belongs to the subset with positive magnetization, then {−si} belongs to the
subset with negative magnetization. An ergodicity breaking where the isolated
subsets are related by symmetry (such as reflection), is called spontaneous sym-
metry breaking.

4.2 Replica Symmetry Breaking

For some systems there are different ways for the system to order that are not
related by symmetry, if this is the case one says that the replica symmetry is
broken. [21] In Figure 4.1 the spontaneous symmetry breaking is compared to
replica symmetry breaking. Two principal complications arises when replica
symmetry breaking occurs: 1. It is usually very hard to specify an isolated sub-
set of the phase space, and therefore to calculate the expectation values of phys-
ical quantities in that region. 2. Non-symmetry-related isolated subsets might
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yield different values of certain quantities, since they correspond to ordering of
different symmetry.

One model where replica symmetry breaking is believed to occur [22] is the
3D Ising spin glass defined by the Hamiltonian:

H = ∑
(i, j)nn

ji jsi s j , (4.4)

where ji j ∈ {−1,1} are randomly distributed quenched variables.
The magnetization in the Ising model and the Ising spin glass is a local order

parameter: Order parameter in the sense that if it’s time average is zero then the
system has no order (and vice versa); local in the sense that it can be averaged
over an arbitrarily small region in phase space to monitor the order of that
particular region. For studying the magnetization when replica symmetry is
broken one can calculate the replica overlap of the magnetization:

q(σ, σ′) = lim
L→∞

1
L2 ∑

i
mσ

i mσ′
i , (4.5)

where σ and σ′ are two ergodic regions of the phase space, and mσ
i and mσ′

i are
the ensemble average of the spin si with the ensemble restricted to the respec-
tive region. If replica symmetry is unbroken, the probability distribution of q,
[P(q)], (for all choices of σ and σ′, and all possible realizations of the disorder)
is non-zero at exactly one value of q; if replica symmetry is broken more than
one (possibly infinitely many) values q have non-zero expectation values. One
of the great advantages of [P(q)] is that it by definition is obtained by summing
over the whole phase space. This means that one does not have to simulate
the system with the slow physical dynamics, but instead can concentrate on
sampling the phase space without bias (a purpose for which well-developed
methods exists).

For the XY type models in two dimensions there is no local order parameter
such as the magnetization in the Ising model and the Ising spin glass. This
means that there is no way of defining an overlap function of the form Eq. (4.5)
that can serve both as an order parameter and an indicator of replica symmetry
breaking (in the way [P(q)] did above). Instead one has to use other, more
indirect, methods to detect order and replica symmetry breaking (that will be
discussed in Sects. 5.1 and 6.5).

4.3 Critical Finite Size Scaling

The size-dependence of certain quantities close to a critical temperature often
follows simple power-law relations. This can be exploit to determine the critical
values of environment variables, such as temperature. I will only sketch under-
lying the idea and state the practical method, not give a thorough analytical
discussion. The analytically minded reader is referred to Refs. [19, 23].

Let A be a quantity that close to the transition temperature follows the
power-law relation A ∼ |T− Tc|a, a > 0. Then the standard finite size scaling of
A close to Tc is based on the assumptions that:
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1. A does not depend separately on correlation length∗ ξ and L close to the
transition, but on ξ/L.

2. ξ/L diverges as

ξ/L ∼ |T− Tc|−ν , ν > 0 , (4.6)

close to the transition.

This means that close to the transition we can write:

AL = |T− Tc|a F(ξ/L) , (4.7)

AL being the expectation value of A for a system of linear dimension L, and F
a smooth function. Combining Eqs. (4.6) and (4.7) gives:

AL =
(
ξ

L

)−a/ν

F
(
|T− Tc|−ν

L

)
= L−b f

(
L1/ν (T− Tc)

)
, (4.8)

where b = a/ν and f a smooth function.
From Eq. (4.8) one can deduce a procedure for determining Tc and the ex-

ponents b and ν from the temperature and size dependence of A: First, at Tc,
ALLb is constant with respect to L. Thus curves of different L of a plot of ALLb

versus temperature should all cross at Tc for the correct exponent b. Second,
when Tc and b is known, all ALLb-curves should collapse into one as a function
of L1/ν(T− Tc) for the correct value of ν in a neighborhood of Tc.

Now everything is not always that simple—fluctuations in environment pa-
rameters (such as temperature) might result in corrections to this scaling form,
but in this Thesis such corrections will not be considered.

4.4 Notations for Averages

To avoid confusion I will use the following notations for the different types of
averages:

〈 · · · 〉 Unspecified average.
〈 · · · 〉t Time average (of a simulation with some specific dynamics).
〈 · · · 〉e Ensemble average (average over the whole configuration space

according to Boltzmann statistics).
〈 · · · 〉re Average over a restricted ensemble (see Sect. 4.1) if ergodicity

is broken, otherwise identical to 〈 · · · 〉e.
[ · · · ] Average over disorder realizations.

∗The correlation length is the length scale over which correlations decay. Roughly speaking, it
is the linear size of the area around a point where the system looks the same. A precise definition
can be found in Ref. [19].
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4.5 Self-Averaging

Suppose that we, in a finite-size system of dimension L, make n independent
measurements of a quantity AL. Consider the error ∆A of the thermodynamic
quantity A = limL→∞ AL:

∆A(L,n) =

√
〈A2

L〉e− 〈AL〉2e
n

. (4.9)

If limL→∞ ∆A(L,n) = 0 for any sufficiently large n, the system is said to be self-
averaging with respect to A.

If the averages of Eq. (4.9) are over realizations of disorder,

∆A(L,n) =

√
[A2

L]− [AL]2

n
, (4.10)

and the quantity AL is known to infinite precision for every disorder realiza-
tion, then if limL→∞ ∆A(L,n) = 0 the system is said to be disorder self-averaging
with respect to A. Disorder self-averaging is often implicitly assumed in dis-
ordered systems. But when replica symmetry is broken it is not trivial that all
quantities are disorder self-averaging, so I will discuss the system’s disorder
self-averaging of important quantities after they are introduced.



Chapter 5

Zero Temperature Methods

In models without disorder the ground state itself is seldom very informative.
However, disordered models like the ones discussed in Sections 3.3, 3.4 and 3.5,
have a non-trivial ground state; a fact that can be used to draw conclusions for
finite temperatures properties. In generalizing zero temperature results to fi-
nite temperatures there are many subtleties, for example, for the XY spin glass
model, the ground state is degenerate in the thermodynamic limit, which can-
not be the case in real systems.

The basic idea of zero temperature studies is to see how the energies for
different types of energy barriers in the system scales with the system size L. If
a certain low-temperature phase needs a specific energy barrier to retain order,
and this energy barrier is finite for L→∞, then the system cannot have that
low-T phase , since there would be a finite probability for that barrier to be
surpassed at any finite temperature.

This Chapter starts with a discussion on the consequences of a replica sym-
metry breaking, then discusses two types of energy barriers, and finishes with
three sections on computation techniques.

5.1 Replica Symmetry Breaking and Dynamical Assumptions

When ergodicity breaking can occur, not only the values of dynamical but also
static quantities can be affected by the explicit dynamics of a system, since dif-
ferent dynamics might break the phase space in different ways. As an example
we can consider the helicity modulus:

In non-disordered superconductors the helicity modulus ϒ is directly re-
lated to the superconductivity properties of the material: If ϒ > 0 the substance
is superconducting, if ϒ = 0 it’s not. For disordered systems this is also believed
to be true, although a proper renormalization group treatment is (to my knowl-
edge) lacking. By definition ϒ is the second order derivative of the free energy
with respect to twist:

ϒ =
∂2F
∂∆2

∣∣∣∣
∆=∆0

, (5.1)

where ∆0 gives the global minimum of the free energy, and the free energy is
defined as an ensemble average.
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Figure 5.1: The free-energy versus twist landscape for increasing L. If one looks a short
distance ∆ to the right the energy landscape looks completely different if the dynamics
allow vortex tunneling (thick lines) or not (thin parables). This figure shows only the
least energetic parable centered at position ∆0 + 2nπ/L.

The question is now the time average, which is the average that will be
measured in real experiments. To be specific, let’s consider the gauge glass
model with Villain potential (see Section 3.3). In this case the free-energy versus
twist landscape will consist of parables:

Fi(∆) =
1
2

(
∆− ∆0− n

2π
L

)2

+ εi , (5.2)

where n = n(i) ∈ {0, · · · , L − 1}, i is the index of the CG configuration corre-
sponding to the parable,∗ and εi is a function of the disorder. As L→∞ the
more and more parables will “eat up” the energy landscape so it becomes to-
tally flat.† (See Fig. 5.1.) Let ϒe represent the helicity modulus when the free
energy is defined as a ensemble average, and let ϒre denote the helicity modu-
lus for a free energy averaged over a restricted ensemble A flat landscape have
ϒ = ϒe = 0 as long as Boltzmann statistics is applicable. But if ergodicity is
broken in such a way that the parables neighboring a ground state not is acces-
sible,‡ the physically relevant ensemble has a F with finite curvature at every
point, even in the thermodynamic limit, so the helicity modulus is ϒ = ϒre = 1.

Despite its title I have used the phrase “ergodicity breaking” throughout
this section. The asymmetric frustration of the vortex glass models makes er-

∗ There is an enumerable infinite number of CG configurations, most of these are one dipole
excitation away from a configuration with lower energy, and hence not a local minimum. There
are on the other hand nothing that prevents several local minima with the same polarization.
I.e., there might be many i with the same n.
εi is the energy of different CG configurations. The parables corresponds to the energy increase

from a net current over the system. For the standard XY model with a Villain potential, the whole
free-energy versus twist space is one parable centered around ∆ = 0.

†This is best measured by the domain wall energy, discussed later (in Section 5.4).
‡This is a conclusion we will be able to draw later from the scaling of ϒ and VL—see Sect. 5.2,

and Paper 1.
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godicity breaking to automatically imply replica symmetry breaking. But since
all parables looks the same, the discussion about the helicity modulus is inde-
pendent of the type of ergodicity breaking. If one instead considers the energy
of the system, things are different. If every parable represents an isolated part
of the phase space (in the low temperature phase) then the value of the energy
will differ for different realizations of an experiment, and the system would not
be disorder self-averaging for energy, but it would be for the helicity modulus.
But, as mentioned, it is very hard to determine the isolated regions of the phase
space—much harder than to see whether ergodicity is broken or not.

In all the vortex glass models in the Sections 3.3, 3.4 and 3.5, the possibility
of replica symmetry breaking is dependent on the vortex dynamics: whether
one allows quantum tunneling of vortices, or if vorticity is locally conserved.
There are theories and experimental evidence for quantum tunneling of vor-
tices [24], but these are seldom brought into the framework of standard models
of superconductors. With quantum tunneling of vortices the vortex glass mod-
els would retain replica symmetry at all temperatures, but with local vorticity
conservation this is far from trivial.

5.2 The Energy Barrier for Vortex Dissipation

That vorticity transport over arbitrary distances is prohibited is a prerequisite
for a superconducting phase. In dynamical simulations [26] the relaxation time
τ is taken to be the average the time for a vorticity transport of one unity charge
across the system; and resistivity is inversely proportional to τ . In the phase
representation of the XY model this corresponds to a 2π change of the global
twist ∆, and is thus termed a “2π phase slip”.

A more technical definition of the energy barrier for vortex dissipation (or
a 2π phase slip) VL, would be: Starting from the ground state, let P be a path
that regenerates the ground state and has a net polarization change of L (which
equals a twist change of 2π in the spin picture). (A path being a sequence of
vortex dipole excitations.) Then, let ṼL(P ) denote the energy, relative to the
ground state, of the most energetic configuration of P . The barrier energy for
the configuration in question ṼL is then simply the minimum of ṼL(P ) for all P .
Finally let VL be ṼL averaged over disorder realizations. A path for an actual
realization of a 4× 4 gauge glass system, giving the minimum energy barrier
ṼL is shown in Fig. 5.2.

5.3 The Energy Barrier for Chiral Mirroring

To investigate the possibility of chiral order in the XY spin glass model, one
can measure the energy barrier between the subsets of opposite chirality (see
Section 3.4). To do that one has to modify the definition of VL a little: For every
ground state {qi} (remember that the ground state is degenerate), measure the
Ṽc

L(P ) for paths P between the ground state and it’s chiral mirror image {−qi}
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(1,−1)(0,0) (0,−1)

(2,−1)(2,0)(3,0)

Figure 5.2: Illustration of a complete path P of a realization of a 4× 4 gauge glass-
system, corresponding to a transport of vorticity across the system. The upper left
corner is the ground state. Charge is symbolized by the shading of the squares, black
represents−0.67, white represents +0.72, and intermediate charges are proportionally
grey with zero as . The digits show the polarization relative to the ground state. The
charge symbols represent the dipole excited in the next step. The bar next to the square
shows the energy of each configuration relative to the ground state.



Physics of Two-Dimensional Vortex Glass Models Petter Holme 27

(regardless of polarization). Then let

Vc
L =

[〈
min

P
Ṽc

L(P )
〉

gs

]
, (5.3)

where 〈 · 〉gs denotes average over the ground states of a particular disorder
realization.

5.4 The Domain Wall Energy

In the Ising spin glass droplets with a boundary over which the spins are flipped
are the fundamental excitations. Order remains as long as the droplets are lim-
ited in size. If the energy cost of introducing an anti-periodic boundary in the
system is finite, arbitrary large droplets could form at any temperature, and
hence there can be no finite temperature phase transition. Even if vortices, as
excitations, have a more natural interpretation than droplets in vortex glass
models (such as those defined in Chapter 3), the idea of studying the energy
difference for introducing an antiperiodic boundary has been directly trans-
ferred to the vortex glass studies. To give a precise definition the domain wall
energy (sometimes called the defect energy), ∆Edw is:

∆Edw =
[ ∣∣∣∣min

∆=0
E−min

∆=π
E
∣∣∣∣ ] . (5.4)

An alternative definition is the “best twist” domain wall energy ∆Ebt
dw [27],

where one of the energies is chosen as the twist space ground state:

∆Ebt
dw =

[
min

∆=∆0+π
E−min

∆=∆0
E
]
, (5.5)

where ∆0 gives the global twist space ground state.
Both versions of the domain wall energy are known to scale with the system

size as ∆Edw ∼ Lθ with θ < 0. [27, 29, 30, 31] This means that the free-energy
versus twist landscape is flat (as mentioned in Sect. 5.1), and hence that if there
is no ergodicity breaking and no finite temperature transition. But on the other
hand, there is no way of mapping out the ergodic regions of the phase space
by using domain wall energy arguments, since neighboring points on the free-
energy surface in the twist space can be very distant in phase space; i.e. to get
between two points on the free-energy surface that are close in twist space,
might involve a considerable number of dipole excitations leading through
highly energetic intermediate states. In terms of vortices, the domain wall en-
ergy measures the ‘roughness’ of the energy landscape vortices travels in. But
as mentioned in Sect. 5.1, it is guaranteed to be the relevant physical landscape
for vortex motion only if one allows quantum tunneling of vortices. With no
quantum tunneling there might be highly energetic (infinite, in the thermody-
namic limit) intermediate states on any path in phase space.

There is also a DWE equivalent for detecting chiral order (see Sect. 5.3), this
quantity also shows a power-law decay in L. [32, 33, 34, 35] The main topics
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Figure 5.3: The Spin-Quench Algorithm: The system is repeatedly heated and cooled
until the lowest energy state is regenerated Nmin = 10 times without any other lower
energy state being found.

of the non-local-vorticity-conserving studies of XY spin glass has been whether
or not the exponent for spin order θs and chiral order θc is the same. The last
word so far is that θs = θc provided that one uses the best twist boundary con-
dition [34].

5.5 Finding the Ground State

One crucial step in zero temperature simulations is the finding of the ground
state. For the gauge glass model this is close to the worst imaginable mini-
mization problem; for the XY spin glass model things are a little bit easier. Of
the many ground state finding algorithms—simulated annealing [36], entropic
sampling [38], parallel tempering [39]—the standard algorithm in studies of
vortex glass models has been the spin quench algorithm (SQA, introduced in
Ref. [49] and refined for XY spin glass in Ref. [33]).

The idea of SQA is to repeatedly heat the system’s spin and twist degrees
of freedom to T = ∞ and relax it to T = 0 as fast as possible. Let nmin be
the number of occurrences of the lowest-yet-configuration. (So, as soon as a
new lowest-energy configuration nmin is set to zero.) When nmin = Nmin the
ground state is identified as the lowest-yet-configuration.

During the cooling and heating one uses spin representation, but for com-
paring energy minimum configurations one transforms the system to CG rep-
resentation. We choose Nmin = 10 which (in a test) for 100 disorder realizations
of the largest system used, gave the same ground states as Nmin = 20, but of
course one can always claim that maybe Nmin = 1000 would . . . There is any-
way nothing magic with the ground state compared to other low-energetic con-
figurations, so a small fraction of almost-ground states would hardly change
the quantities in question.

The SQA is considered reliable for finding the ground state but have the
significant disadvantage of being an O(exp L) algorithm and hence restricts the
user to very small L. However, when VL is the targeted quantity, the slowness of
SQA does not matter much since the algorithm for finding VL also is O(exp L).
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2. 3.1.

Figure 5.4: Illustration of the flooding algorithm for finding the lowest energy barrier
for vortex dissipation. The least energetic accessible configuration is investigated in the
next step. The arrow shows the active energy level in the execution. The horizontal axis
represents the L2-dimensional phase space. The landscape is periodic in polarization,
which is illustrated by the water level being the same at the left and right boundaries.

5.6 Measuring the Domain Wall Energy

For finding the domain wall energy the usual method (used in e.g. Refs. [27, 31,
34]) is based on SQA. The only difference is that to get the lowest energies of a
certain twist (as in Eqs. (5.4) and (5.5)) one keeps the twist degrees of freedom
constant during the heating and quenching.

Other, faster algorithms has also been used [16, 30, 35] only to confirm that
θ < 0.

5.7 Finding the Energy Barrier for Vortex Dissipation

At a first thought, the vastness of the phase space would seem to make the
tracking of a ṼL(P ) = ṼL (see Sect. 5.2) path computationally intractable. But it
turns out that the number of configurations with an energy above the ground
state is not too large (O(exp L)) for at least some very small system sizes. The al-
gorithm we used may be called the flooding algorithm for reasons seen in Fig. 5.4:
It imitates the pouring of water into a landscape, the lowest water level being
the current energy level in the execution of the program.

To be precise, we start from the ground state and repeat the following steps:

1. Generate 4L2 configurations by applying the 4L2 possible dipole excita-
tions to the current configuration.

2. Calculate the energy of each such configuration and put them in a sorted
list, lowest energy first, together with their polarization relative to the
ground state.
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3. Take the first (lowest energy) configuration from this list to be the new
current configuration.

4. If this configuration has already been encountered, but with a different
polarization such that ∆P = (±L,0) then we are done. Otherwise, go to
step 1.

To avoid loops in the path (which would stall the execution) one also needs a
list of already used configurations so that these can be rejected in step 3. When
the iteration has stopped the highest energy used in step 3 is exactly VL plus
the ground state energy.



Chapter 6

Finite Temperature Methods

Zero temperature simulations have a very concrete objects to study—the ground
state and its low-order excitations. Reality, on the other hand, is blurred by
temperature fluctuations. This chapter will deal with finite temperature Monte
Carlo methods. I will discuss the validity of Monte Carlo methods when replica
symmetry is broken and the overlap (see Sect 4.2) does not have a clear mean-
ing. In the last two sections I will give a brief introduction to a short topic
that don’t quite fit under the Chapter’s title: the Kosterlitz-Thouless Transition
(Sect. 6.3).

Throughout this Chapter I use the terminology of spin models, such as the
random gauge XY model. It can all be modified for lattice gas models, but I
stick to the spin picture to keep it simple (and because Paper 2 concerns a spin
model, the random gauge XY model).

6.1 Metropolis Monte Carlo

The Metropolis Monte Carlo simulations technique has the darkest of origins
as being developed in course of the American H-bomb program [40], but has
been turned into an essential instrument of pinnacle of human achievement—
the study of phase transitions in superconductors . . .

The Metropolis Monte Carlo algorithm is a way of generating configura-
tions, so that the probability of a configuration {θi,∆} is proportional to
exp(−E({θi,∆})/kBT) in accordance with the Boltzmann distribution (E( · ) de-
notes the energy). For the lattices we are using, one Monte Carlo sweep is the
following steps executed for each site of the lattice once and only once:

1. For a spin θi, produce a new spin θ′i = θi + η, where η is a random vari-
able with a distribution symmetric around zero. Different η-distributions
might affect the efficiency of the algorithm but will not change the statis-
tical output as long as they are symmetric around zero.

2. Let E′ be the energy of the configuration with θi replaced by θ′i and let E
be the energy of the original configuration. Then replace θi by θ′i if E′ 6 E,
or with a probability exp[(E− E′)/kBT] if E′ > E.

For the typical square grid geometry one can choose the lattice points sequen-
tially.
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Even if the distribution of configurations follow the Boltzmann distribution
at every intermediate step one often runs at least one whole sweep before mea-
suring quantities. This is because if the quantities are too correlated, one need
unnecessarily large averages to converge them.

If one uses the fluctuating twist boundary condition (see Sect. 3.7) one also
needs to update the twist ∆ = (∆x,∆y). This procedure is exactly similar to the
one above. To optimize the twist updating one can choose to split ∆x (∆y) into
L variables ∆(i)

x (i.e. ∆x = ∑L
i=1 ∆(i)

x ) where i is the column (row) number.

6.2 The Helicity and Fourth Order Moduli

The helicity modulus ϒ (defined in Eq. (5.1)) is the most important quantity for
detecting a normal to superconducting transition in the XY type of models. ϒ
is zero in the normal phase and finite when the system is superconducting. As
such it fulfills the requirements for being a order parameter of the XY model,
but it is a non-local quantity as opposed to e.g. magnetization—the order pa-
rameter of the Ising model. (See Sect. 4.2.)

In simulations, a singular behavior at a phase transition, is always smeared
by finite size effects. The transition is often more clearly visible in a higher
order derivative of a singular quantity. One of the most well known examples is
CV , the temperature derivative of the energy, with is effective in localizing first
order transitions. We use the second derivative of ϒ, the fourth order modulus ϒ4,
see Fig. 6.1. (The third order derivative is zero by symmetry.) To get a feeling
for ϒ4 one can write it as a sum of correlation terms for lower order quantities,
and compare with corresponding quantities for the first two terms in the ∆-
expansion of F:

I ≡ ∂F
∂∆

= 〈 Î〉re =

〈
1
L ∑

(i j)x
nn

sinφi j

〉
re

(6.1)

ϒ ≡ ∂2F
∂∆2 = 〈ϒ̂〉re =

〈
−Ê− 1

T
( Î − I)2

〉
re

(6.2)

ϒ4 ≡
∂4F
∂∆4 =

〈
−4ϒ− 3E− 3L2

T
(ϒ̂− ϒ)2 +

2
L2T3 ( Î − I)4

〉
re

(6.3)

where hats mark values for one {φi j} configuration, the summation is over all
links in the x direction, and Ê =−(1/L2) ∑(i j)x

nn
cosφi j. The advantage of writing

ϒ4 as in Eq. (6.3) is that it becomes a sum of quantities with a clear interpreta-
tion, e.q. (2/L2T3)( Î− I)4 measures the fluctuations in current and is zero in the
thermodynamic limit for periodic and fluctuating twist boundary conditions.

For readers who want to measure ϒ and ϒ4 in simulations, I give Eqs. (6.2)
and (6.3) rewritten in explicit sums of cosine and sine:

ϒ =
1
L2 〈cos〉 − 1

L2T
〈sin2〉+ 1

L2T
〈sin〉2 (6.4)

ϒ4 = − 1
L2 〈cos〉+ 4

L2T
〈sin2〉 − 3

L2T
〈cos2〉 − 4

L2T
〈sin〉2 +

3
L2T
〈cos〉2 +
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+
6

L2T
〈sin2 cos〉 − 12

L2T2 〈sin〉 〈sin cos〉+ 12
L2T2 〈sin〉2 〈cos〉 −

− 6
L2T2 〈cos〉 〈sin2〉 − 1

L2T3 〈sin4〉+ 4
L2T3 〈sin〉 〈sin3〉 −

− 12
L2T3 〈sin〉2 〈sin2〉+ 3

L2T3 〈sin2〉2 +
6

L2T3 〈sin〉4 (6.5)

where for example 〈sin2 cos〉 =
〈

(∑(i j)nn sinφi j)2 ∑(i j)nn cosφi j

〉
re

, and the sums
are taken in a certain direction x or y (for symmetric systems one can use ϒ =
ϒx = ϒy = (ϒx + ϒy)/2 to get better averages).

6.3 The Kosterlitz-Thouless Transition

The transition in the ordinary 2D XY model is called the Kosterlitz-Thouless
(KT) transition [41], and occurs at TKT ≈ 0.89. The low-temperature phase is
characterized by vortices bound in pairs and an algebraic decay of spin cor-
relations, so called quasi long range order. The way to explain the pair-binding
is that the energy for introducing one single vortex to the ground state grows
unboundedly with system size (as log L), whereas the energy for introducing a
pair is finite. For higher temperatures the vortex interaction becomes screened
by other vortices, the infinite energy for a free vortex will then vanish. A
proper renormalization group treatment confirms this idea. [45] Under the as-
sumptions of the domain wall energy∗, a domain wall renormalization group
study [46] shows that there is an upper limit for the disorder r > rc ≈ 0.4 in the
random gauge XY model above which there can be no finite temperature phase
of the same characteristics as the low-T phase of the ordinary XY model [47].

The fourth order modulus is never positive for the ordinary XY model. It
is zero for high temperatures (this is a necessity since it is defined around a
minimum of F, and ϒ = 0), and approaches −1 as T → 0, while it diverges at
TKT. For the standard XY model one knows how ϒ(TKT) scales with L [42], so to
study ϒ4 (that is harder to converge) adds nothing of much value. But to detect
an unknown phase transition, the onset of strong size-dependence of ϒ4 close
to Tc (see Fig. 6.1) can be utilized.

6.4 Root-Mean-Square Current

The helicity modulus is hard to converge due to the strong current fluctuations
from sample to sample [43]. On the other hand, the current fluctuations are
expected to diverge at Tc, so in order to pick up that divergence Ref. [44] has
studied the root-mean-square current Irms with periodic boundary conditions:

Irms =
√

[I2] , (6.6)

where I is defined in Eq. (6.1).
∗I.e. that intermediate configurations does not have any bearing on the vortex dynamics (see

Sect. 5.4).
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Figure 6.1: The Kosterlitz-Thouless transition at TKT ≈ 0.89 as seen through the quan-
tities ϒ (a) and ϒ4 (b).

Irms has been used to argue for a zero-T transition [44] on the basis of the ap-
parent lack of crossing point in Fig. 6.2a. Figure 6.2b shows the more extensive
recent simulations from Paper 2 which shows that the Tc = 0 scaling fails (the
curves do not converge to a single curve as T→ 0). Figure 6.3 shows that the
same scaling form that gives ϒ a unique crossing point (see Paper 2) also makes
the Irms cross at one point. This scaling makes the Irms curves (see Fig. 6.3b)
cross at the same point as the ϒ-curves, at T ≈ 0.2—a clear evidence for a phase
transition. This is of course a great example of researchers that see what they
want to see (which is true both for Young and myself).

6.5 The Pitfalls of Vortex Glass Monte Carlo

When there is a possibility of replica symmetry breaking in systems with a local
order parameter (such as the Ising spin glass of Sect. 4.2) the overlap function
gives a way around slow physical dynamics and hand-waving argumentation.
With an overlap function, we can sample the system according to the Boltz-
mann distribution, and get information about the type of order in the low tem-
perature phase and the expectation values of physical quantities. Without a
local order parameter, which is probably the case in our vortex glass models,
we can of course calculate the overlap of local quantities. That would give us
the probability distribution of these quantities, but nothing more.

So, what can we do without the overlap technique if replica symmetry
breaking occurs? We can of course go on like nothing has happened and use
the time averages, as long as we don’t violate the physical dynamics (which we
specify to be local vorticity conservation) when we update the system. If we
do so, the next problem is how long we should run the simulations to get true
physical values. For answering this question we have to consider two cases—
whether or not the system is disorder self-averaging: If the system is disorder
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Figure 6.2: (a) and (b) shows a crossing plot of Irms according to the scaling form of
Young [44], (a) is Young’s original data, (b) is our data. In both (a) and (b) ν = 2.2.

Figure 6.3: The Irms data plotted according to our scaling form. (a) is Young’s original
data, (b) is our data. In both (a) and (b) b = 0.5. A collapse plot corresponding to (b)
can be found in paper 2.
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self-averaging with respect to the quantities we are interested in, then we can
continue just like for a model without disorder. When curves look smooth, and
crossing and collapse plots looks clear and convincing, we can trust the results.
(A discussion about this can be found in Ref. [23].) To go one step further one
can argue that if one can e.g. produce a distinct crossing plot according to the
standard finite-scaling hypothesis then the system is likely to be disorder self-
averaging. But if the system isn’t disorder self-averaging the situation is worse,
as two independent measurements could give different results.

When local quantities, such as magnetization, not are disorder self-aver-
aging locally, then at least their average value are. [19] But for global quanti-
ties such as ϒ and ϒ4 this argument doesn’t apply. So is it likely that a low-
temperature phase with replica symmetry breaking in our vortex glass mod-
els is not disorder self-averaging with respect to ϒ and ϒ4? As mentioned in
Sect. 5.1 the curvature of the free-energy versus twist landscape is probably the
same in a neighborhood of every minimum, and neighborhoods might be of
finite size due to the ergodicity breaking. From this, one can guess that the
system is disorder self-averaging with respect to ϒ and ϒ4, at least at the low-
est temperatures (there is also a possibility that the system freezes into different
minima at different temperatures). So if ϒ scales to a non-zero value for temper-
atures very close to zero, then is quite safe to say that the same would happen
in the thermodynamic limit. To trust the Tc and exponents obtained from finite-
size scaling one has to be a little more brave, though.

If one studies an overlap function, such as in Ising spin glass one wants to
update the system in such a way that one avoids getting stuck in a confined part
of phase space. There are methods to do that by being able to jump between
different energy valleys (e.g. entropic sampling [38]) and still sample the phase
space according to the Boltzmann distribution. But as soon as one wants to
measure a quantity which is dependent on a symmetry that can break in a phase
transition, these methods will give unphysical results. The only solution left is
then to sample the system with the physical dynamics. [23] As an example,
the average magnetization in the Ising model is zero for every temperature if
one assumes ergodicity and neglects the physical dynamics (a finite number of
spin-flips at each time step).

6.6 Annealing Conditions and the Best Twist Boundary Condition

If one, according to Sect. 6.5 chooses to update the system with physical dy-
namics and measure time averages, then how slow should one cool the system?
One plausible choice, for the reasons to follow, is to aim for the most probable
region of the phase space:† 1. It is relatively easy to identify, since as long as the
system is ergodic it is most likely to be close to this minimum. Unfortunately,
to measure distance in the phase space is very hard, so one can make the usual
projection to twist space, hope that one doesn’t oversimplify the problem, and
look for the most probable twist space coordinates. 2. It is easy to check if the

†The most probable configuration will also be the global energy minimum as long as the
system is ergodic. But if one anneals the system it is most likely to freeze into the least energetic
of the regions that will be the isolated ergodic regions when ergodicity is broken.
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(a) (b) (c)

Figure 6.4: Illustration of the annealing algorithm. Dark color represents large value of
the histogram: (a) First two replicas of the system are cooled and two (∆̂x, ∆̂y) obtained,
if these are close enough (if the two squares with a side ε overlap) the average (∆̂x, ∆̂y),
the ‘×’, is fixed. (b) Then one lets the program run until the twist comes close enough
(within the square with side 2ε) to (∆̂x, ∆̂y). (c) At last one fixes (∆̂x, ∆̂y) to that of
the last configuration and continues to update only the spin variables while measuring
quantities.

cooling is slow enough—if the system is far off the most popular twist-space
coordinates. 3. Quantities like ϒ and ϒ4 are well defined around the minimum
of the ergodic region of the phase space in which the system is. To be able
to study these quantities around a minimum one wants a minimum that is as
distinct as possible, and that is something that the global minimum is likely to
be.

The mostly used way to avoid getting stuck in a meta-stable part of phase
space when one cools the system, is an annealing condition to check that cooling
is slow enough. The idea, originating for the study of Ising spin glass [36], is
to cool two copies (or replicas) of the system in parallel. Then one measures the
time average for some quantity, e.g. the spin-glass susceptibility:

χSG =
1
L2 ∑

i j
〈sis j〉2t (6.7)

for both replicas, and when these two values are sufficiently converged the
cooling is said to be slow enough. To be sure that the algorithm not only cal-
culates the correct values for some quantity, but also stays close to the most
probable minimum one can modify the annealing condition. The way to do it
is to use FTBC and make a histogram of ∆. The peak of the histograms (∆̂x, ∆̂y)
will correspond to the most probable minimum. To check that the cooling is
slow enough one can use the replica technique and for each temperature cool
the system twice to obtain two values of (∆̂x, ∆̂y), say (∆̂(1)

x , ∆̂
(1)
y ) and (∆̂(2)

x , ∆̂
(2)
y ).

Then, if the condition

|∆̂(1)
x − ∆̂(2)

x | < ε and |∆̂(1)
y − ∆̂(2)

y | < ε, (6.8)
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fails,‡ one can redo the cooling with (say) three times as many thermalization
sweeps, and repeat the procedure again, until the condition (6.8) is fulfilled. To
maximize the possibility of finding the correct ground state for every new tem-
perature, one can begin the thermalization from a configuration satisfying (6.8),
see Fig. 6.4. Of course, twist space is only a two-dimensional projection of the
phase space, so that the twist space coordinates are close to the peak of the his-
tograms does not necessarily mean that the configuration is close, in terms of
dipole excitations, to the ground state. But this is probably the best way to do
without tedious vortex movement calculations as those described in Chapter 5.
In an attempt to justify this algorithm a posteriori I have compared the results of
this annealing algorithm with SQA (see Sect. 5.5) for 100 disorder realizations
of 5× 5 gauge glass systems, and the two algorithms found the same ground
state for every disorder.§

Quantities such as the helicity and fourth order moduli (see Sect. 6.2) can-
not be determined with very high precision if FTBC is used, therefore after
determining the (∆̂x, ∆̂y) one can fix this twist and continue the Monte Carlo
scheme with only spin variable updating. To calculate quantities starting from
the global twist space ground state is similar to the definition of the best twist
version of the domain wall energy in Sect. 5.4, thus the name best twist boundary
condition (BTBC).

‡In practice a sensible choice of ε, for the random gauge XY model, seems to be ε = 0.3 for
0.4 < T 6 0.6 and ε = 0.09 for T 6 0.4.

§This result should not be taken too seriously since the energy landscape of a 5× 5 is far less
complex than the largest tractable sizes for the annealing algorithm in question.



Chapter 7

Summary of the Papers

Much of the ideas in the papers have already been presented in the first four
chapters of this Thesis. In this Chapter I will link the discussions in the earlier
part of this Thesis with the papers, and also link the Thesis with experimental
and other theoretical studies.

7.1 Paper 1

In this paper we measure the barrier for vortex dissipation VL, presented in
Section 5.2, of the models presented in Sections 3.3, 3.4, and 3.5.

For the random gauge XY model we find a logarithmically increasing VL
with an abrupt change in the prefactor at disorder strength r ≈ 0.4—for r > 0.4
the slope is almost constant. This is interpreted as a phase line between two su-
perconducting phases: A phase characterized by pair-bound vortices, for small
r; and phase where replica symmetry is broken for large r. There are, as men-
tioned, some assumptions made in the generalization from zero to finite tem-
perature, but at the very least we can say that there is no way measurements of
VL or ∆Edw (see Sect. 5.4) can exclude a low temperature phase for all strengths
of the disorder, unless one assumes quantum tunneling of vortices to be possi-
ble.∗ The phase diagram is shown in Fig. 7.1, values (other than rc) are obtained
by Monte Carlo methods.

For the XY spin glass model we find VL to be independent of L for all mea-
sured values of the disorder density s. This means that there can be no spin
ordered phase in the XY spin glass model. An interesting question for future
studies is a better determination of the critical disorder density sc (remember
that s = 0 is the ordinary XY model with a low-T phase of quasi long-range
spin order). We also found that the barrier for chiral order (see Section 5.3) in-
creases for all measured values of s, implying a possible chirally ordered phase.
As for spin order we did not make a detailed determination of the critical dis-
order density for the chiral barrier sc

c; the best we can say is that 0 6 sc, sc
c < 0.1.

For the random pinning model we found a decreasing VL. This means that
there is no barrier stopping vortex dissipation in this model. Since the random
pinning model is believed to be the most physical model for thin films in ex-
ternal magnetic fields, our best bet is that there is no superconducting phase in

∗If quantum tunneling of vortices is possible DWE studies shows that Tc = 0 for r > rc.
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Figure 7.1: The phase diagram of the random gauge XY model. ‘N’ is the normal
conducting phase, ‘SI’ is a superconducting phase where vortices are bound in pairs,
‘SII’ is a superconducting phase where replica symmetry is broken. The illustration of
the SII phase is not to be taken too seriously.

this case.

7.2 Paper 2

In this paper we try to map out the phase diagram, suggested by the first pa-
per, by finite temperature Monte Carlo with the BTBC annealing described in
Section 6.6.† (See Fig. 7.1.)

For the N-SII transition we perform a finite-size scaling analysis to get Tc ≈
0.19 for the gauge glass model (r = 1). For r between 0.4 and 1.0 increasing
disorder strength does not make any major difference—just as seen in the zero
temperature studies for the slope of exp VL—the transition temperature stays
around 0.2.

With extended Irms-simulations we find that the old arguments for a zero
temperature transition fails, and that Irms gives roughly the same values for Tc
and the exponents ν and b as the helicity modulus scaling.

As mentioned in Sections 4.3 and 6.5, even if there is replica symmetry
breaking at low temperatures the helicity modulus is probably disorder self-
averaging, which would save our finite scaling analysis. If ϒ not is disorder self-
averaging our study at least shows that a realization of an experiment would
most likely show existence of a superconducting phase at finite temperatures.

For the N-SI and SI-SII transition we measure the fourth order modulus
(see Section 6.2), and locate the transitions lines to the points of strong size
dependence of this quantity.

†Well, actually the two papers were produced quite independently of each other.
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7.3 Conclusions

The random gauge XY model has a low-temperature superconducting phase
for all disorder strengths, and replica symmetry is broken at low temperatures
for r > rc. The spin correlations of the SII phase is an open question, it is known
that there can be no long-range glass order [5] in the gauge glass model (but
remember that the ordinary XY model only have quasi long range order). From
Monte Carlo simulations we estimate Tc ≈ 0.2 for 0.4 . r 6 1 and Tc decreasing
from 0.89 to 0.2 for 0 6 r . 0.4.

The apparently contradictory results for the random gauge XY model (where
Refs. [25, 50, 51] argue for and Refs. [16, 27, 28, 29, 30, 31, 33, 44] against a finite
temperature transition) is thus a question of dynamics and what transition to
look for: Refs. [16, 27, 28, 29, 30, 31, 33, 44] shows that there is no transition to
a phase with long-range glass order, and that there can be no superconducting
phase if vortex tunneling dynamics are allowed. Refs. [25, 50, 51] shows that
with local vorticity conserving dynamics there exists a low-temperature phase
for values of the disorder strength.

The scaling of ϒ4 (see Paper 2), the prefactor of VL (see Paper 1) and Ref. [47]
all suggests a phase boundary at r ≈ 0.4, but with Figure 5.1 in mind one may
wonder if there really is any qualitative difference between the high-r and low-
r phases. One clear difference is that continuous vortex motion is a likely way
of vorticity transport for low r, whereas for large r multiple dipole excitations
must, from energetic judgment, be the predominant mode for vorticity trans-
port (Fig. 5.2 illustrates multi vortex hopping giving a lowest energetic path).‡

But we cannot be absolutely sure that the phase space is partitioned in the way
suggested by Figure 5.1—so that the free-energy versus twist landscape con-
sists of one parable for each polarization space coordinate. But we can say that
there are intermediate energy barriers that seems to scale to infinity (from the
scaling of VL), and that the curvature of the energy landscape around the val-
leys is high (from the scaling of ϒ).

Does the finite temperature transition for every r of the random gauge XY
model support the finding of a thin-film vortex glass phase in Ref. [10]? Well,
Ref. [10] assumes the standard vortex glass scaling (used in Fig. 6.2). This is
wrong in the first place, since it is based on the assumption of a low-T phase
with long range glass order (which cannot exist in two dimensions [5]); fur-
thermore it is not the scaling form we find (see Fig. 6.2 and Paper 2). Since the
apparently most physical vortex glass model, the random pinning model, has
a decaying barrier for vortex dissipation the conclusion must, in accordance to
the larger part of the experimental community [9], be that no superconducting
phase can exist for strongly disordered thin films.

‡Some effort has also been done to understand the difference of SI and SII in terms of spin
correlations. These results, although preliminary, supports the picture suggested in Fig. 7.1: In
the SI phase, just like the ordinary XY model, is characterized by pair-bound vortices and alge-
braically decaying spin-correlations—the vortex-vortex interaction overrides the disorder. In the
SII phase disorder becomes relevant and correlations has to be calculated relative to disorder, as
has been done in the pro-Tc > 0 article Ref. [51].
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G. Parisi, and M. A. Virasoro, Spin Glass Theory and Beyond (World Scien-
tific, Singapore, 1987).

[21] The idea of replica symmetry breaking was introduced in: A. Blandin,
J. Phys. Colloq. C6-39, 1499 (1978); and further developed in: G. Parisi,
Phys. Rev. Lett. 43, 1754 (1979); G. Parisi, J. Phys. A 13, L155 (1980);
G. Parisi, J. Phys. A 13, 1101 (1980); G. Parisi, J. Phys. A 13, 1887 (1980);
G. Parisi, Phys. Rev. Lett. 50, 1946 (1983).

[22] J. Reger, R. Bhatt, and A. P. Young, Phys. Rev. Lett. 64, 1859 (1990);
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